Abstract: In this paper we present a framework for robust explicit/multi-parametric model predictive control (MPC). Based on four key steps, the proposed framework offers a systematic method for the off-line design, validation/testing and implementation of robust explicit MPC controllers for embedded systems. An important feature of the framework, is the use of a robust explicit/multi-parametric MPC technique that can guarantee that the system constraints are not violated due to the system model uncertainties. The framework is illustrated for the design of a robust explicit/multi-parametric MPC controller for the hydrogen desorption in metalhydride bed storages.
INTRODUCTION
Explicit/multi-parametric Model Predictive Control (also known as explicit MPC or mp-MPC) is a control method in which the on-line optimization problem that is involved in traditional MPC is solved off-line with multi parametric programming methods (Pistikopoulos et al., 2007) to derive the optimal control variables as explicit functions of the system states/output variables and the critical regions of the state space where these functions are valid (Bemporad et al., 2002; Pistikopoulos et al., 2007; Pistikopoulos, 2009 ). An explicit feedback control policy is obtained with mp-MPC, which obtains the values of the control variables for a given value of the states/outputs by performing a set of functions evaluations -the repetitive solution of an online optimization problem which typically arises in traditional MPC (Rawlings and Mayne, 2009 ) is thus avoided and is replaced by a set of simple function evaluations. This allows for mp-MPC to be implemented in a number of real-time optimization applications, such as portable devices and embedded control systems (MPC-on-a-Chip concept) (Bemporad et al., 2002; Pistikopoulos, 2009 ). Explicit/multi-parametric MPC has received significant attention in the research literature, due to these important benefits and a number of mp-MPC applications and case studies have already been reported (see Pistikopoulos (2009) and references within for a more detailed report on this applications).
One of the most important current issues both in MPC and explicit/multi-parametric MPC is the handling of model uncertainties and disturbances (Zafiriou, 1990; Rawlings and Mayne, 2009) . Therefore, robust explicit/multiparametric MPC methods have been investigated that can explicitly handle the uncertainties/disturbances to ensure the desired system performance without any (safety or operational) constraints are violated. The current research in robust explicit/multi-parametric MPC has mainly focused in the areas explicit MPC of hybrid systems (mainly in the context of PWA systems) (Borrelli et al., 2005) , robust explicit MPC of linear system with additive disturbances (Kerrigan and Maciejowski, 2004; Sakizlis et al., 2004; Alamo et al., 2005) and robust explicit MPC of linear uncertain systems with linear objective functions (Bemporad et al., 2003) .
In this work, we present a framework for the design of robust explicit/multi-parametric MPC controllers. The proposed framework consist of four key steps that allows for the off-line design, validation/testing and implementation of the controller in an embedded system. In one of these steps, a method for robust linear discretetime explicit/multi-parametric MPC is used, which will be briefly presented here. The proposed framework will be then illustrated for the design of an robust explicit controller for the desorption of hydrogen in metal-hydride bed storages.
A FRAMEWORK FOR MULTI-PARAMETRIC PROGRAMMING AND ROBUST EXPLICIT MPC
The main idea of the proposed framework for multiparametric programming and explicit/multi-parametric MPC is shown in figure 1 . The proposed framework consist of four main steps which are explained next (Pistikopoulos, 2009) • Step 1: development of a "high-fidelity" mathematical model of the process,
•
Step 2: development of a reduced-order/approximating model, suitable for explicit MPC, • Step 3: design of a robust explicit MPC controller • Step 4: validation/testing of the designed controller and implementation to the embedded control system.
Step 1 involves the development of a detailed "highfidelity" mathematical model (usually based on first principles) to provide a detailed description of the system operation. This mathematical model is mainly for performing detailed simulation and (design and operational) optimization studies.
Step 2 then involves the development of an approximating model for the system in hand. The approximating model is derived by using model-reduction or system identifications methods. Once the controller is validated, it is implemented to the embedded system as shown in figure 1.
All the steps of the framework are performed off-line, before any real implementation on the system takes place. Hence the controller can be fully validated and tested off-line, thereby reducing the cost and time of testing as well as the risk of failing at the online implementation (Pistikopoulos, 2009) . Note also that at steps 2 and 3, multiple approximating models and controller designs can be obtained, if different sets of controller tunings or different model-reduction methods are used. 
ROBUST EXPLICIT/MULTI-PARAMETRIC MPC
Step 3 in the proposed framework involves the design of a robust explicit/multi-parametric MPC controller. Hence, we present in this section a method for robust explicit explicit/multi-parametric MPC which will be used in Step 3 of the proposed framework. This method was established in ) and we will present here its key ideas -the interested reader should look for more information in . Consider the following Robust Model Predictive Control problem of linear, discrete-time system
m·N is the sequence of current and future control values, A ∈ R n×n and B ∈ R n×m are the system matrices, X , U are the state and inputs constraints and X f is the terminal constraint set. We assume that Assumption 1. The system matrices (A, B) are controllable and Q, P ≥ 0 and R > 0.
Note that the Assumption 1 guarantees the strict convexity of the quadratic objective in (1). Assumption 2. The sets X , U and X f are convex, closed and bounded polyhedral sets containing the origin in their
. The system matrices A, B are uncertain in that they are given by
Definition 1. (Rawlings and Mayne, 2009 ) The N − trobust controllability set to the target set T is defined as
The N − t-robust controllability set is the set of states for which there exists an admissible control u t , u t+1 , . . . u N −1 such that x i ∈ X , for all i ≥ t and x N ∈ T , and it is mainly described by a set of linear inequalities.
For the nominal case (i.e. when A = A 0 , B = B 0 , the MPC problem (1)- (3) can be posed as a multi-parametric Quadratic Programming problem where U is the optimization variable and x is the parameter (Pistikopoulos et al., 2007 ). The control variables are then derived as linear piecewise affine (PWA) functions of the state as shown below (Bemporad et al., 2002) 
} is the critical region in which the affine control (6) is valid and N c is the number of critical regions. In the case A and B are uncertain (Assumption 4), violation of the constraints may occur. A method for robust explicit/multi-parametric MPC, developed in , that ensures constraint satisfaction for all possible values of the uncertainty is presented next.This method consists of three main steps ), i) a dynamic programming step, ii) a robust reformulation step, and iii) a multi-parametric programming step which are discussed in the following sections.
Dynamic Programming
In this step the MPC optimization problem (1)- (3) is recast as a multi-stage problem, where the time t represents the index of each stage ). Based on dynamic programming procedures (Bertsekas, 2005) , the multi-stage optimization problem (1)-(3) can then be decomposed in a set of stage optimization problems of smaller dimensionality 
which are solved backwards in time, starting at time t = N − 1 until t = 0 where the only optimization variable is the current control variable u t at the current stage t and only the control and state constraints of the current stage t are considered. Note that the above DP formulation is similar to the one described in (Bertsekas, 2005) , however since the future control variables u i+1 = µ i (x i+1 ), . . ., u N −1 = µ N −1 (x N −1 ) have already been obtained from solving (7) at the previous stages i + 1, ..., N − 1, they are not considered here as optimization variables but as known parameters . The main idea is that after obtaining the solution of (7), to substitute
A convex multi-parametric programming formulation for (7) can be obtained by following the next steps . At each t we consider 1) u t as the optimization variable, 2) θ t = [x t u t+1 . . . u N −1 ] to be the parameters, 3) only the nominal system dynamics x i = A i−t x t + i−1 j=t A i−1−j Bu j are substituted in the objective function and 4) the uncertain dynamics x t+1 = Ax t + Bu t , (∆A, ∆B) ∈ (A, B) are substituted in the constraints. The multi-parametric formulation of (7) is then given by 
where H, F and Y are functions of A, B, Q and R, while H t , h t are obtained from the combined inequalities of X and X t+1 . The objective function of (8) is a convex function of u t and θ t while the constraints are linear with uncertain coefficients since A and B are uncertain. Hence, (8) is a robust mp-QP problem. In the next section we show how to reformulate the robust mp-QP (8) to an mp-QP problem and derive a solution which is robust for all admissible values of the uncertainty.
Robust reformulation step
In order to ensure that the solution of (8) satisfies the constraints for all values of the uncertain matrices A, B, the constraints have to be immunized against the uncertainty (Ben-Tal and Nemirovski, 2000) . Following robust optimization techniques, such as in Ben-Tal and Nemirovski (2000) and Lin et al. (2004) , the robust mp-QP problem (8) is replaced by its robust counterpart
where δ is a given infeasibility tolerance that ensures that (11) is satisfied, 1 is a vector of 1 of the same dimensions as h t and the max is taken element-wise. Inequality (10) ensures that the problem is feasible for the nominal dynamics and (11) (11) then it also satisfies the inequality constraints of (8) The robust counterpart (9)- (11) is a nonlinear optimization problem due to the nonlinear inequality (11). However, a convex mp-QP problem (Pistikopoulos et al., 2007) can be obtained by considering the following relaxation.
(15) The above optimization problem is the Interval Robust Counterpart of (8) (Ben-Tal and Nemirovski, 2000; Lin et al., 2004) . The artificial variables y t , z t are used to replace the absolute values |u t | and |x t | and the inequality (15) is used to guarantee that if u t is feasible for (12)-(15) for a given x t , then it is also feasible for (9) and hence for (8).
Multi-parametric programming Step
Since (12)- (15) is a convex mp-QP problem, its optimal solution u t is a piecewise affine function (PWA) of the parameter vector θ t , as it shown below (see Pistikopoulos et al. (2009) 
The above expression relates the control at the current stage t to the state x t and the values of the control u i , i ≥ t + 1 that are obtained at the previous stages of the dynamic programming. Nevertheless, since our objective is to derive u t as an explicit expression of only its current state x t , the future control variables u i have to be eliminated from the vector θ t .
Parameter reduction of the explicit solution: A method for reducing u i from (16) was presented in Pistikopoulos et al. (2009) , which we present here briefly. The solutions u i = µ i (x i ) from the previous stages i ≥ t+1, are combined with (16) to form a set of PWA expressions
17) The future control variables u i , i ≥ t + 1 can then be eliminated i) either by direct substitution of the controls u i , i ≥ t + 1 and solving directly for u t , or ii) using elimination algorithms (such as Fourier-Motzkin and Gauss elimination) to remove all u i from (17). Both methods obtain u t as a PWA function of the state x t , as follows 
Robust controllability set:
The set robust controllability X t is the domain of feasible states for (7) and hence can be obtained either by performing set theoretic calculations (Rawlings and Mayne, 2009) or from a the set of all critical regions of explicit solution (18) 
Algorithm for robust explicit/multi-parametric MPC
An algorithm for robust explicit/multi-parametric MPC was presented in , Algorithm 1), based on the three key steps described in Sections 3.1-3.3. The main idea is, by starting at stage t = N − 1 and proceeding backwards until t = 0 is reached, to execute the three steps of Sections 3.1, 3.2 and 3.3 for each stage t. More specifically, at each stage t the problem (12) is solved to obtain (16). Then the set of expression (17) of the current and previous solutions are formed and the future variables u t+1 , . . . , u N −1 are eliminated to obtain the explicit solution (18). The steps are then repeated at the next stage t − 1. The algorithm obtains a sequence of explicit control laws u 0 = µ 0 (x 0 ), . . ., u N −1 = µ N −1 (x N −1 ). Only the first control u 0 = µ 0 (x 0 ) is then applied to the system, thus establishing a feedback control policy u = κ(x).
ROBUST EXPLICIT MPC FOR A METAL-HYDRIDE BED HYDROGEN STORAGE
The framework for explicit/multi-parametric MPC presented in Section 3, is applied here for the design of an explicit controller for the desorption process in a metalhydride bed hydrogen storage. In general, the control of the adsorption and desorption of hydrogen in metalhydrides is a complex problem (due to the nonlinear dynamics of these processes) which has not yet received significant attention . Both processes are controlled by varying the temperature of the metalhydride alloy. In an explicit/multiparametric MPC controller was designed for the hydrogen adsorption in metal-hydride beds. In this work a robust explicit/multi-parametric MPC controller is designed for the temperature control of hydrogen desorption in a metal-hydride bed storage, based on the robust explicit MPC framework presented in this paper.
The general set-up of the metal-hydride bed hydrogen storage considered in this case study, is shown in Figure  2 . The storage consists of a cylindrical metal-hydride reactor filled with metal hydride alloy LaN i 5 , where the hydrogen is adsorbed/desorbed . For the temperature control of the storage, three heat exchangers are included in the system: i) a concentric tube heat exchanger at the center of the reactor, ii) a concentric annular ring heat exchanger and iii) a jacket heat exchanger which surrounds the cylindrical reactor. All three heat exchangers are filled with heating fluid. The optimal design of the storage system and a 2D high-fidelity mathematical model was presented in Panos et al. (2010) which consists of a set of Partial Differential Equations (PDAEs). Fig. 2 . Metal-hydride bed hydrogen storage reactor .
In this study, we consider the case of minimum-time hydrogen desorption in the metal-hydride process. The controlled (output) and manipulated (input) variables for this system is the temperature T at the exit of the reactor and the flowrate U f of the heating fluid while the following constraints have to be satisfied to ensure safe operation of the system 
Finally, the optimal temperature set point for which the minimum-time adsorption is achieved, is shown in figure  5 and was determined in Panos et al. (2010) based on optimization studies. The steps of the framework for the design of a robust explicit controller for the metal-hydride system are described next.
Step 1: A 2D high-fidelity model, obtained in Panos et al. (2010) , was used to perform a number of dynamic simulations.
Step 2: In Step 2, the input and output date obtained from the simulations in Step 1 were used to develop an approximating linear state-space model by using system model identification. The mathematical representation of the approximating state-space model is given by Step 3: The following formulation is considered for the explicit controller,
where Q = 100, R = 0.001, N = 5 and y ref is the optimal temperature set point. A nominal mp-MPC controller is designed first using the standard multi-parametric control methods Pistikopoulos et al. (2007) (assuming ǫ α = ǫ β = 0). A robust mp-MPC controller is then designed using the algorithm that was presented in Section 3. The explicit solutions of the nominal and the robust mp-MPC consist of 8 and 33 critical regions and affine functions. In both cases the control variable u t is a function of five parameters x, y ref where x is the initial state. Figures 3 and 4 show a projection of the critical regions on the x 1 − x 2 space. The simulations of the high-fidelity model in
Step 1 were performed in gPROMS, (PSE Ltd, 2006 ) modeling software. The approximating state-space model in
Step 2 was derived with the Matlab system identification toolbox (Mathworks Inc., 2007) . The nominal and robust explicit controllers in Step 3 were obtained with the POP software for Matlab (Mathworks Inc., 2007) . The total times for the derivations of the nominal and the robust explicit controllers were 0.4 sec and 6.2 sec respectively. Note, the difference in times between the two controllers is due to the extra constraints introduced for the robust reformulation, the addition of artificial optimization variables and increasing number of parameters at each stage of the robust explicit control algorithm.
Step 4:
The nominal and robust explicit controllers are implemented to the high-fidelity model of Step 2 and simulations are performed for their evaluation. A PI controller given by U f,t = −0.01 e(t) + 1 10 t 0 e(τ )dτ (24) is used in the simulations that follow for comparison with the two explicit controllers. Figure 5 shows the result of the simulations for the temperature T for nominal operating conditions (where the heating fluid temperature is T f = 350K). All three controllers demonstrate similar behavior and follow closely the optimal temperature profile. The hydrogen release for the nominal conditions is shown in figure 6 -all controllers achieve a 99% hydrogen release in 600 sec.
The simulations were then repeated by adding a perturbation in the system, which corresponds to a decrease of the temperature of the heating fluid to T f = 0.86T f,nom from its nominal value. In order to illustrate the performance of the three controllers in the presence of hard constraints and disturbances, the additional constraint on the reactor temperature T ≥ 0.9 was added. Figure 7 shows the results of the simulations for the reactor temperature for each of the three controllers. The PI controller managed to reach the optimal set-point without off-set error, while the nominal explicit controller demonstrated the faster behavior of the three. Nevertheless, both controllers violated the additional hard constraint. The robust explicit controller shows a rather conservative performance with a small offset error however manages to satisfy all the constraints at all time.
CONCLUDING REMARKS
In this work we presented a systematic framework for robust explicit/multi-parametric MPC. The proposed framework consists of four key steps that allow for the offline design, validation and testing of the explicit controller. The framework was illustrated for the design of a robust explicit/multi-parametric controller for the desorption of hydrogen in metal-hydride bed storages. The implementation of the controller in the real system is part of an ongoing research effort on explicit/multi-parametric control for embedded systems, such as hydrogen storages , fuel cells (Arce et al., 2010) and biomedical devices (Pistikopoulos, 2009) . 
